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Vacuum effects of an ultralow mass particle account for the recent acceleration of the universe
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In recent work, we showed that non-perturbative vacuum effects of a very low mass particle could induce,
at a redshift of order 1, a transition from a matter-dominated to an accelerating universe. In that work, we used
the simplification of a sudden transition out of the matter-dominated stage and were able to fit the type la
supernova€SNe-lg data points with a spatially open universe. In the present work, we find a more accurate,
smoothspatially-flatanalytic solution to the quantum-corrected Einstein equations. This solution gives a good
fit to the SNe-la data with a particle mass parametgiin the range 6.48 10 3% eV to 7.25<10 3 eV. It
follows that the ratio of total matter densiyncluding dark matterto critical density ), is in the range 0.58
to 0.15, and the agk, of the universe is in the range 810! to 12.2h~! Gyr, whereh is the present value
of the Hubble constant, measured as a fraction of the value 100 km/(s Mpc). This spatially-flat model agrees
with estimates of the position of the first acoustic peak in the small angular scale fluctuations of the cosmic
background radiation and with light-element abundances of standard big-bang nucleosynthesis. Our model has
only a single free parametam,,, and does not require that we live at a special time in the evolution of the
universe [S0556-282(99)01024-3

PACS numbd(s): 98.80.Cq, 04.62:v, 98.80.Es

. INTRODUCTION namely, the ratio of the mass parameterto the present

value of the Hubble constaritiy. It is convenient to express
Many attemptg1-3] have been made to account for the this parameter in the form

unexpected behavior of the recent expansion of the universe.

In a previous papef4], we showed that non-perturbative _

guantum effects in the vacuum may account for the superno- my=nv/h, (1)
vae type la(SNe-l1a data[5,6], suggesting a recent accelera-
tion of the expansion of the universe. We considered a fre
quantized scalar fieldwith possible coupling to the scalar

curvatureR). The propagator of the field included an infinite
sum of all terms having at least one factorR{7,8]. The h=Hy,/[100 km{s Mpo], 2)
effective action was given 4], which can be referred to by

the reader for a more complete exposition of the theory. We . . , .
found an approximate solution to the effective Einsteinw'th Ho expressed in knté Mpg). We find that a good fit to

gravitational field equations. In that solution, there was fhe SNe-la data is obtained whem, is in the range 6.40

» . _ 3% ev<m,<7. 33 ev. i
sudden transitiofat redshiftz of order 1) from an earlier 10 ev=m,<7.25¢10 ev. For this parameter

tter dominated st f1h on t idlv inflati range, the ratio of the total matter densitpcluding dark
matter dominated stage ot the éxpansion 1o a mildly inflatin attey to critical density,()y, is found to be in the range

de Sitter expansion. This sudden transition model require 58>0,>0.15, and the agh, of the universe is found to be

the universe to be spatially open in order to fit the cosmo;, e ra%ge'g_ﬁ@—l Gyr<ty<12.2h~! Gyr. Also, we find

logical data. . . . that our model gives reasonable abundances for light ele-
Here we find an improved analytic solution to the effec-nents formed during big-bang nucleosynthesis. In our

tive Einstein equations and determine its consequences. Sufiodel, no special coincidence at the present time is neces-
prisingly, we find that the analytic solution permits the sary to explain why the energy density of matter is of the
SNe-la data to be fit with a spatially flat model having asame order as the vacuum energy density.
reasonable matter density and age. The spatial flatness makesThe organization of this paper is as follows. In Sec. II, we
a significant differencg9] in attempting to fit the spectrum give the effective Einstein equation of the model, and sum-
of small angular scale fluctuations of the cosmic microwavemarize the solution of Refl4]. In Sec. lll, we derive an
background radiatiofCMBR). It appears that the existing analytic solution for the scale factor of the model. In Sec. IV,
data favor a spatially flat cosmological model. Spatial flat-we compare the model to SNe-la data and obtain ranges for
ness is also favored in models of the universe having an early,,, ), andt,. In Sec. V, we discuss the implications of the
inflationary stage. model for big-bang nucleosynthesis and for the spectrum of
In our present model, there is only one free parameterCMBR fluctuations. In Sec. VI, we show it is probalfia-
dependent of fitting the observationthat, at the present
time, the vacuum energy density in our model is comparable
*Electronic address: leonard@uwm.edu to the matter density. Finally, our conclusions are given in
"Electronic address: raval@uwm.edu Sec. VII.
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Il. OUR MODEL solution to the effective Einstein equations of our model.
Consistency with cosmological observations requires that
this improved analytic solution have zefor nearly zerp
spatial curvature. This solution consists of a matter-
dominated universe smoothly, with continous first and sec-
‘ond derivatives of the scale factdre., C?), joined to a

In Ref.[4], we consider a free, massive quantized scala
field of inverse Compton wavelengtbr mas$ m and curva-
ture couplingé. The effective action for gravity coupled to
such a field is obtained by integrating out the vacuum fluc

tuations of the f'e.ld4'7]' This effective action is the SIM=  constant scalar curvature expansion that asymptotes to a de
plest one that gives the standard trace anomaly in th

massless-conformallv-counled limit. and contains the ex: itter universe at late times. The spatial flatness is consistent

licit sum (in arbitrar ydimeelsion)sof é” terms in the bropa- with estimates of the first acoustic peak of small angular
P . Y prop scale fluctuations in the CMBR, which suggest that the uni-
gator having at least one factor of the scalar curvatire,

The trace of the Einstein equations obtained by variatio verse is spatially fla(althoygh this issue awaits an ultimate

of this effective action with respect to the metric tensor takesrheC'Slon at the time of Wr.ltmg; see R¢tLO for detayls).

the following form in a Friedmann-Robertson-Walker We now turn to the derivation of a smooth solution for the
cosmological scale factoa(t).

(FRW) spacetimg(in units such that=1):

Tel Am? Ill. ANALYTIC SOLUTION

—4A,=

R+
2K 327% kg

24 & +ERm 2 . . .
[(m ER)In[1+£Rm7 n the following analysis, as if4], we takeA,=0. For

£<0, and with a low value ofn (=10"33 eV), we find in

3 m2¢R 3R N 1R? [4] that the evolution of the FRW universe is essentially
m2+ ER 2°m2 2¢ m* unaffected by the quantum contributions at early times. A
perturbative analysis ifi shows that quantum contributions
_ to the stress tensor begin to have a significant effect at a time
X[¢2—(1080 ~*]+v ] (3 t;, when the classical scalar curvature has decreased to a
value given roughly by
where T, is the trace of the stress tensor of a classical,
. e . ) pm(t)  —
perfect fluid component containing mixed matter and radia- Reai(t))= I —m2, (6)
tion, Ao is the cosmological constant,=(167G) ! (G is 2K
Newton’s constant é=¢—1/6, andv is a quantity that van-  \ynere
ishes in de Sitter space:
2_m2
1 - . m-=m-/(—§). 7
V= 180m* ZR —R,,RY. (4) This effect is shown to occur well into the matter-dominated

stage of the evolutioftherefore, fot>t;, T,=—p). We
Here, the metric is further argue that, after the scalar curvature reaches the value
Re (i.e. for t=t;), it stays essentially constant during the

2 later evolution of the universe. More precisely, for all times
ds?’=—dt?+a(t)? T +r2dQ?|, (5  t>t;, we find that the scalar curvature has the form
R(=m[1-e(t)], ®)

wherea(t) is the scale factor ani=0,1,—1 give spatially
flat, closed and open universes respectively. where

The right-hand sidéRHS) of Eq. (3) is proportional to
the trace of the quantum contribution to the stress tensor. In 1— _

Eq. (3), we have assumed that terms in the quantum stress €(t)= 55[—5+(52+4ﬂ§_1)1/2] 9
tensor that depend on derivatives of the curvature are negli-

gible. This assumption is consistent with the solution that weyng

obtain.

In [4], we found that Eq(3) admits a solution in which a o) — r
matter-dominated FRW universe transits to a stage of the o=— —2—5’1, Bzz—(v(t)—
expansion in which the scalar curvature is nearly constant. 2m°kg &

This led us to construct an approximate cosmological model|
which makes assuddentransition to a de Sitter universe out Here,

of a matter-dominated one. In that approximation, we needed

a spatially open cosmology in order to fit high-redshift r=
SNe-la data, and to get a reasonable value of the present m
matter density.

In this paper, we eliminate the assumption of a suddemp, being the Planck mass. As shown[#, it is straight-
transition to a de Sitter expansion, by finding an analyticforward to verify thate(t) is of orderr for t>t; and of order

216(?) - (19

m2
— (11
Pl
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Jr att=t;. For the low value of under consideration, it Continuity of the scalar curvature gtensures that the sec-
follows thate(t)<1 for all t=t;. Thus the scalar curvature ond derivative of the scale factor is also continuous. This

stays nearly constant at the valmg for t=t;. solution is

Despite the constancy of the scalar curvature, the quan-

tum contribution to the stress tensor increases dramatically \/ o tm (2
. . . ) a(t)y=a(t; sinh —=— sinh z—af, t>t,
from the timet; to the present time,. To see this, consider (H=a(t) "< J3 “« 3 ¢ ]

the trace of the quantum stress tensdg, defined by (18
Tq/(2K0)=—[RHS of Eq.(3)]. It follows from Eq. (3) that
(with Ao=0) where
—_ _ 2 1
Tq==2KkoR=Tq a= §—tanhl(§) =0.117. (19
= —2KkoMP+ pmt+ O(€), (12)

We have verified that this solution also satisfies the remain-
where the second approximate equality holdstfet;. As-  ing Einstein equations up to terms of orderAccording to
suming (as we find that the transition time; occurs at a Eq. (18), the expansion approaches a de Sitter expansion at

redshiftz; of order 1, and given the)dim(t,-)~=2KOE2 [from late times(i.e.,tm>1). Furthermore, it has the property that
Eq. (6)], we obtain the matter density at the present timeihe deceleration parametes= — aa/a? is negative(i.e., the
pm(to), as universe is acceleratindor all t>t,, where

pm(to)=—Tai(to) =[a(t))/a(to) Ipm(t;) ta=+3m Ya+tanh (271 ]=1.7an 1=1.50;.

=(1+2)) 32xom? (20)
Also, the solution joins in a smootiC) manner to the usual

_ . M2
= koM/4+O(e). (13 spatially flat matter-dominated solution fort;, i.e.

Thus, according to EQ.(12), T, grows from Tg(t))
~—2KkoM?+2kom?=0 at time t; to T,(tg)=—2km?

+ (14 kom?=— (7/4)kom?=T7T¢(to) at the present time  This solution, given by Eq€18), (19) and (21), depends

to. Thus, we find that the quantum contribution to the stresg,, only one parameteﬁ It is more accurate than the ap-
tensor grows from a negligible value at a redshift of order 1,.,yimation of a sudden transition to a de Sitter expansion,
to a value exceeding the classical contribution at the preseqf~i we used if4]. Our analytic solution takes a long time

time. (of orderm™1) to approach a de Sitter expansion. This is the

To obtain the scale facta(t), we consider a spatially flat : . .
(k=0) cosmology, and ﬁ(g((j )the constant sca?ar Cu¥vaturéeason that the spatially flat model gives agreement with ob-

solution fort=t; that joins to the usual matter-dominated servat|ons(as_ we show belqw In the approxmat_lon of a .

. 0 X : ) . sudden transition to a de Sitter expansion, consistency with
solution at timet;, with continous first and second deriva- b . ired . ol f
tives. The timet, obtained from Eq.(6), using Ry(t) observations required a negative spatial curvature. We fur-
_(4/.3)t‘2 for t<Jt- in the spatiall fla-t rr;atter-dorr:ilnated ther note that our analytic solution is not the same as that of
Jniverse is = P y a mixed matter—cosmological-constant model, for which

’ a(t)=[sinh(y3At/2)]%~.
— Further improvements in the accuracy of our solution can
tj=(2/ V3mt 14 be made by an iterative procedure in which the present so-
lution is used to evaluate(t) in Egs.(9) and(10), and then

Eqg. (16) is solved withm? replaced by the RHS of E@8).

a(h=a(t)(t/t)?*=(3mt;2)?%, t<t;. (21

For such a universe the Hubble constirft) = (2/3)t ! has
the value at; given by

— IV. COMPARISON WITH OBSERVATIONS
H(t;)=m/3. (15)

For comparison with observations of high-redshift type 1a
Fort>t;, we now obtain the unique solution to the constantsupernovagSNe-1g, we calculate the luminosity distance-
scalar curvature equation redshift relation for the model defined by E¢$8) and(21),
and, from it, the difference in apparent and absolute magni-

a a2\ _ tudes as a function of the redshifof a source. This differ-
R=6| —+—|=m? (16)  ence is given by
a a2
—M=5]I +25 22
which satisfies m 0t ' 22
) . whered, is the luminosity distance to the source in Mpc,
H(t)=a(t;)/a(t;) =m/\3. (17)  defined ag11]
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d|_=(1+Z)a0I’1, (23)

wherea, is the present scale factor, angis the comoving
coordinate distance from a source at redstiét a detector at
redshift 0. For a spatially flat FRW universg, is given by

e _ljz dz'
1= C% oH(Z')’

whereH (z) is the Hubble constant as a functionzpfind the
speed of lightc is now shown explicitly. It is convenient to
introduce the parametdr=H,/[ 100 km/(s Mpc), where
Hy is the present value of the Hubble constant in (sm/

(29)

Mpc). It is also useful to work with the rescaled mass param-

eterm, of Eq.(1). We note thatny,, being an inverse length,
can be measured in units of Mpt

For our model, we defing; as the redshift at time; .
Then we obtain, using Eq$18) and (24),

(=25 T2 o [ fo%xz @9
wherer,_(z) denotes;(2) for z<z;, and
X=sinr(0h\%mh—a). (26)
For z>z;, we use Eqs(21) and(24) to obtain
hry=(2)=hr,-(z)+2\3a, 'm; *(1+2))%?
X[(1+2z) 2= (1+2)" 7. (27)

Equation(23) gives the luminosity distance for this model,
d.1(2), defined by

di1(2)=(1+2)apri1-(2) (z<z)

=(1+2)apri=(2) (z>z). (28)
After substituting forr,-(z) andr;~(z) in the above equa-
tions, hd, 1(z) does not depend om, (for a spatially flat
universeg. The three parameters that occurhd, ; are htg,

z; andmy, . However, we may differentiate E(L8) to obtain

Ht)—ﬂ tr(@— ) (29
( —\/1_2c0 \/§ al.

The above equation, evaluated at the present cosmictgime
can be rewritten in the form

hty=(3.26x10° yr/Mpc)m;, *
X {tanh [ (865.4 Mpom,]+ a}, (30)

which givesht, in years. Also, Eq(18) yields

PHYSICAL REVIEW D 60 123502

1+ ZJEa(to)/a(tJ)

=\/sin)'(Ch\t/%mh—a)/sin?‘(§—a)- (31)

Equation (30) shows thatht, is a function of m, alone.
Therefore, the redshift; as given by Eq(31) is also a func-
tion of my, alone. This implies that the functidmd, 1(z) de-
pends on a single parameten,. The present ratio of the
matter density to critical density), is also a function of the
same parameter. To see this, we psgca” 3. Then one has

87G 2

3H3

H(t;)
Ho

a(t))
2l

3

OE

Continuity with the spatially flat matter-dominated universe
att=t; requires thaf8mGp(t;) 1/[3H(t;)?]=1. Therefore

Q0:[H(tj)“"0]2[73‘('[1')/30]3
=(2.996<10° Mpc?)m?

sof 2] / a5

where we have used Eg4d.5) and(18) in arriving at the last

equality. Note that the quantitiyt, appearing in the above
equation is itself a function af, [see Eq.(30)]. Therefore

Q, is also a function of the parametes, , which is the only

adjustable parameter in our model.

If the timet; is less than the present agge the monotonic
behavior of Eq.(29) implies thatH () <Hy<H(t;). With
H(%) and H(t;) obtained from Eq.(29), the previous in-
equality gives

-312
X 1

chtymy,
-
3

5

(33

m>3H,/c=5.78x10"*h Mpc1, (34)
m<12H,/c=1.16<103h Mpc 1. (35)

We therefore find that the rescaled mass paranmteis
constrained by the model to lie in the range
5.78<10 % Mpc 1<m,<1.16x10 2 Mpc ! (36)
The above range om,, can be also expressed in electron
volts (eV), as
3.69x 10 ¥ eV<m,<7.39x10  eV. (37)

We emphasize that the above range of valuesngfis a
consequencef our model, ifto>t;, independent of any fit
to cosmological observations.

Plots of Q4 and hty vs m;,, using Egs.(33) and (30)
respectively, are given in Fig. 1, for the rangenof values

of Eq. (37) above. For the same rangergof, values, Fig. 2 is
a plot of Qg vs hty.
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Q0
1
0.75
0.5
0.25 33 ;
2 s c 5= My (10 ""eV)
ht0 (Gyr)
25 FIG. 3. A plot of the difference between apparent and absolute
20 magnitudes, as functions of redshiftnormalized to an open uni-
15 verse with,=0.2 and zero cosmological constant. The points
10 -33 with vertical error bars represent SNe-la data obtained from Ref.
4 5 6 7 my (10 ""eV) [5]. The two dashed curves represent the val(@®sm,=6.40

x10"% eV (lower dashed curyeand (b) m,=7.25x10 % eV

FIG. 1. Plots ofQ), andht, versusmy,, with the range oim, (upper dashed curyeThe solid curve represents the intermediate
values 3.6% 10 % eV<m,<7.40x10 % eV. value (c) m,=6.93x 1033 eV.

We now use the luminosity distance of H@8) to fit the  and a value oht, in the range
SNe-la data. To do so, it is convenient to normalize the dif-
ferencem—M of Eq. (22) to its value in an open universe 8.10 Gyrhty<12.2 Gyr. (41)
with Qy=0.2. We define

Estimates oh give 0.55<h<0.75[2]. Forh=0.65, Eq.(41)

_ di1(2) ) hd.1(2) ) gives a range for the age of the universe, namely
A(m_M)(Z)ZSloglO(dLZ(OZZ) =51 10 hdLZ(OZZ) )
(38 12.5 GyrKt;<18.8 Gyr. (42
where A representative solid curvee) has the valuen,,=6.93

X103 eV, which gives 0,=0.346 andt,=14.8 Gyr
di2(Q0,2)=2HycQu [ Qoz+ (Qo—2)(V1+Qoz—1)] (with h=0.65). A plot of the scale facta(t) for this curve

4 s is shown in Fig. 4.
=h"%(5995.8 Mpg¢Q,

X[Qoz+ (Qo—2)(VI+ Qoz— 1)]. (39) V. RECOMBINATION, NUCLEOSYNTHESIS AND CMBR
FLUCTUATIONS

Sincehd, 1(2) is a function ofm, andz, andhd, ,(0.22) is
a function ofz alone, it follows thatA(m— M) is a function
of my andz

Figure 3 is a plot oA(m— M) vs z, along with a plot of
SNe-la data acquired from RgE]. A good fit is obtained by
any curve that lies in between the two dashed curves show
where curvega) hasm,=6.40x 10" >3 eV, and curveb) has
m,=7.25x 10 3 eV. This gives a value df), in the range

In this section, we first calculate the time of recombina-
tion in our model, compare it to the recombination time in a
standard open universe, and discuss the implications for big-
bang nucleosynthesis. We then show that the apparent angu-
lar size of CMBR fluctuations in our model is somewhat
"Imaller than in a spatially flao=1 model, although con-
sistent with available data.

In our model, we find that recombination occurs in the
matter-dominated era. The redshift at recombination is given

015500=0.58 (40 py the following expression, discussed in REf2:
2 a(t)/a (t)
l 2
0.75
0.5 1
0.25
10 s ht, (Gyr) 2 1 3 3 ht (Gyr)

FIG. 4. A plot ofa(t)/a(t;) versusht in our model universe, for
FIG. 2. A plot of Q, versusht,, with the range ofm, values  the value m,=6.93x10 %% eV. The graph terminates at the
3.69x 103 eV<m,<7.40x10 % ev. x-coordinate valudty, t, being the present age of the universe.
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z,=104§1+0.0124Q,h?) 0391+ g,(Qh?)%2], about 1.7%. Furthermore, the scale factors prior to recombi-
(43)  nation are almost identical in both modélke effect of spa-
tial curvature in the open model is negligible for times prior
where to the recombination time Therefore, it is expected that
B 9 023 07631 nuclear reaction calculations in big-bang nucleosynthesis
9,=0.0783Q,h”) T1+39.50,0h%) %71, (44) would give nearly identical results for the abundances of
light elements in both models. Since these calculations are
9,=0.56Q 1+21.1(Qph?)18 1, (45 known to give results in agreement with observation for the
standard open model, nucleosynthesis calculations in our
model would also give results that agree with observations,
for the same values d?,, h andQh?.
We now turn to the calculation of the apparent angular
size of a fluctuation of a fixed proper siPeat the surface of

and (), is the ratio of baryon density and critical density at
the present time. For the ranges 0.062%,h?<0.25, 0.15
<(<0.60 and 0.55:h<0.75[2], we find

1055.73<7,<1301.80. (46 last scattering. This apparent angular size in our model will
The redshift at matter-radiation equalitss,, is given by be compared to the apparent angular size of the same fluc-
tuation in a spatially flat FRW model havin@,=1, since
1+ Zgq= Qh%(Q,h?), (47  the latter model is known to yield a CMBR fluctuation spec-

trum consistent with data.
where(), is the ratio of radiation energy density to critical  For simplicity, we take the representative values
density at the present time. With a CMBR temperature of=6.93x10 3 eV, h=0.65, andQ,h?=0.025 in the dis-
2.726 K at the present timgL3], we obtainQ),h?=4.16  cussion that follows. The chosen valuemy{ corresponds to
% 10" °. Using the same range of values as abovelfgrand  the intermediate curvéc) of Fig. 3, and gives),=0.346.
h, we find Equation(43) then gives the redshift at last scattering,zas
=1089.
1090.14<7,4<8115.90. (48) The apparent angular sizé of a fluctuation of fixed

. o . proper sizeD at last scattering is given by
Therefore, in our model, recombination occurs in the matter-

dominated era.

We now invert Eqs(18) and(21) to obtain a range for the
time of recombinationt,, corresponding to the range of
in Eq. (46). A lower bound ort, is obtained with the higher
value ofz, and the lowest value ohy, consistent with a fit to
the SNe-la data, i.em,=6.40x10 33 eV, and an upper
bound is obtained with the lower value nf and the highest
value of m,, consistent with the same data, i.e,=7.25
X 10733 eV. We find

6=D/[a(t,)r{]=D(1+2)?%d 4(z), (52)
whered, ;(z,) is found from Eq.(28), which also gives
hd 1(1089=1.017< 10" Mpc. (53
Therefore, withh=0.65,

6=(7.594<10 % Mpc HD (54)
1.82x10° yr<ht,<4.97x10° yr. (49
in our model.

We compare the above range with the corresponding range In a spatially flat(o=1 model, takingh=0.65 and
of ht, in a standard, spatially open matter-dominated model{2,h?=0.025, Eq.(43) givesz,=1105.
with the same ranges @1,, h and Q) h? (and therefore the The luminosity distancd, for a spatially flat)y=1 cos-
same range of,). The scale factor for an open matter- mology is given by
dominated mod€]11] leads to the parametrized equations

hd,(z)=(5995.8 Mpa(1+2z)[1—(1+2z)~Y?], (55
2(1-9Qy)

1+z = Q
0

_ -1
(coshyr—1) %, which gives

Q0 . hd, (1105 =6.433x10° Mpc. (56)
ht,=(4.89x 10° yr)Tw(Slnhl//r—dlr), (50)
(1~Qo) Therefore, withh=0.65, and using Eq52), we obtain

¢, being a dimensionless parameter. The above equations , _
give the following range foht, in an open matter-dominated 6=(1.236<10 * Mpc °)D. (57)

universe: .
Comparison of Eqs(54) and(57) reveals that the appar-

1.79x10° yr<ht,<4.89x10° yr. (51)  entangular size of a fluctuation of a given proper size at last
scattering is about 1.6 times less in our model than in a

Comparison of Eqs(49) and(51) reveals that the ranges spatially flatQ)o=1 model. If the first acoustic peak in the
of recombination times for the two models differ by only small angular scale CMBR spectrum arises from a fluctua-
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/’d(ﬂo/(l_ﬂo))’

dm,

tion of fixed proper size in all models, then the above result

implies that, in our model, this peak would be shifted to a P(Qo/(1—Q0))=Pq
higher mode number relative to that iflg=1 spatially flat

model. In the latter model, the first peak is known to occur at

mode number =200, and therefore it would occur &t  wherez;(m,) and{q(m,) are given by Eqs(31) and(33)
=300 in our model. These two possibilities are both consisrespectively. We now compute the probability thtand
tent with the existing data on small angular scale CMBRQ,/(1—-Q,) lie between 0.1 and 1Q.e., they are within an
fluctuations(see, for exampl€g,2] and references thergin order of magnitude of )1 We find

(60)

VI. THE QUESTION OF FINE-TUNING

10
: . . A<z <10]= P(z)=0.
Recent observations of type-la supernovae evidently indi- PL0.1=2<10] 0_1d %P(2))=0.851,

cate that the universe has been in an accelerating phase from

a redshift of order 1 up to the present time, which implies

that the contribution of matter to the total energy density is 10 [ Q Qo
of the same order of magnitude as the contribution of P[0-1<Qo/(1—ﬂo)<10]:f d( 1-q )P( 7y )
vacuum energy density at the present tifire spatially flat 0.1 0 0
models, this means thdd,/(1— Q) is of order 1. Why
should this be the case? In mixed matter and cosmological
constant models, this question requires an explanation of
why the cosmological constant must be fine-tuned to a pre- It is therefore more likely foz; and,/(1—() to be
cise, non-zero value. As pointed out [i#], our model is  within an order of magnitude of 1 rather than outside that
relatively insensitive to the value of the cosmological con-range, assuming that all allowed valuesnaf have equak
stant term. However, in our model, it would appear that,priori probability.
within its allowed range of Eq37), the parametem,, must

be finely tuned to give values fa and Q,/(1—£)) that

are within an order of magnitude of 1. It should be noted that

the allowed range of values af, given by Eq.(37) does not
by itself constrainz; and {),. The lowest allowed value of

=0.6109. (61)

VII. CONCLUSIONS

We have shown that vacuum effects of a free scalar field
. = - ; of very low mass can account for the observed acceleration
my givesz=0 andQo=1, and the highest allowed value ; o "6 SNe-la dajawhile at the same time predicting

g|v|(_a|szj=oo andQ();]Oi _ del. val i Jef€asonable values for the age of the universe and the total
ere, we argue that, in our model, vaiues within an ordet,, oy e density. Evidently, our model also predicts reasonable
of magnitude of 1 forz; and Q,/(1—€) are more likely

light element abundances, and as a consequence of spatial
than other values. The argument that follows rests on tw

. . > o Flatness is in agreement with current data on small angular
assumptions(i) to>t; and (ii) all values ofm;, within the

allowed range given by Eq37) have equak priori prob-
ability. Assumption(i) implies the range ofn,, values of Eq.

(37), and assumptiolii) is reasonable in lieu of a detailed

fundamental theory that predicts the valuenof.

scale CMBR fluctuations.

Better SNe-la data would be able to distinguish between
our model and mixed matter—cosmological-constant models,
as well as quintessence modé|. The curves ofA(m
— M) vs z are different in our model from those of the other

Given these two assumptions, one may compute the proly,,jels Future observations of small angular size CMBR

ability distributions forz; and(}, in a straightforward man-
ner, since both quantities are functionsmyf alone. By as-
sumption(ii), the probability distribution function fomy,,
P(my), has the form

P(my)=P,, 3.69x10 % eV<m,<7.39x10 % eV,

=0, otherwise. (58)

Normalization ofP(m,) yields P,=2.70x 10°%eV. We then
obtain the probability distribution function$®(z) and
P(Qo/(1—Qy)) for z; andQ,/(1—- ) respectively as

dz
P(zj>=Po/ ‘d—nz;h (59

fluctuations may also distinguish between these models.

We emphasize that our model is based on a free renor-
malizable quantum field and does not require that we live at
a very special time in the evolution of the universe. We also
note that a graviton field of very low mass may give rise to
vacuum effects similar to those of the scalar field we consid-
ered here. In contrast, a scalar particle of very high mass
with similar characteristics to the present one may contribute
to a stage of early inflation, with reheating and exit from
inflation caused by particle production from the vacuum and
possibly from other inflationary exit mechanisms.
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